This paper records a 3@minute talk given in the Paul Erdos Lecture series in March,
2010. Though the talk was prepared for mathematicians with low Erdos numbers (a
widely respected measure of mathematical proficiency), | hope that thmain
discussion will be simplified and ckar enough toothers. Under each slide | will also
insert further comments z some more elementary and explanatory, but others more
precisez under the =================={racks.

These are not jst footnotes. h some @ses they are crucial to the research which
needs to be done next.

Mathematical Foundations o
Prediction Under Complexity

Paul J. Werbos, pwerbos@nsf.gov

U.S. National Science Foundation®

* Why this is a crucial and timely piece of
a larger problem

« Roadmap and definitions from vector,prediction to
grid and graph prediction and beyond

* Why it is not easy and not yet'solved

* What must be built upon and improved

*The views herein are those of the author, not official views of NSF

At NSF, our job is mainly to ask important questiong and then try to encourage and
support you to find the answers. In this talk, | will review some of the methodssed
to make predictions across many disciplines in science, technology, and social
science. | will even mention a few partial solutions | have found myself to the
problem of accurate prediction in the face of complexity. However, by the end of the
talk, I hope you will agree with me that all the existing methodg including those

| have developed myself are at best starting points. You could do better, and | hope
you do. That is why | am grateful for the chance to talk to you.

| will begin by motivating the problem, then defining it more precisely, and then
reviewing where we stand.

The published abstract for this lecture:

Mathematical Foundations of Prediction Under Complexity



Consider the following dynamical system: x(t) = h(r(t),e(t)), r(t)=f(r(t -1),ex(t)),

where xi R, yi Rm, and where the vectors e represent random disturbance. The

challenge ofvector predictionis to approximate the functions h and f, without prior

knowledge of what these functions are, based on learning from a finitene-series of

experience. This is a very welknown problem in statistics, but the rigorous

methods now available are simply not powerful enough to replicate or explain the

learning and prediction capabilities we see in the mammalian brain, where the

sampling time is essentially ¥ of a second, where n is over a million and m is much

I AOCAO OEAT OEAO8 4EOO0 OiF O1 AAO&GaryA 1T O O C
capability of the brain-- we need to do much better. Part of the solution is to move

forwards to addressing fixed grid prediction or graph prediction (where x(t) and

y(t) are vector fields over a fixed regular grid or a graph, and symmetry principles
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measures for errors in prediction and modeling). A host of ad hoc methods (some

quite formal in structure) have become widely used in practical prediction work, in

engineering work andin economic forecasting in order to overcome the limits of

classical maximum likelihood methods, which essentially assume flat priors;

however, to achieve a higher degree of rationality, capability and unification of
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Z it is essential to revisit the foundations and derive more general learning methods

on a more fundamental basis. This talk will review these various strands, stressing

crucial areas where new research is need and it is hoped that research funding

may be augmented.
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estimation (as in control theory), a large part of signal processing, large part of

machine learning,time-series identification and estimation, causal data mining, and
generalpurpose methods forpattern classification and recognition. Among others.

A key part of the challenge is to develop a more unified approach, including courses

which prepare students acoss this breadth of approaches.



“Cognitive Optimization and Prediction”, search on
“COPN" at www.nsf.gov — and international follow-on?

Pr(A|B)=Pr(B|A)*
Pr(A\)/Pr(B)

Prediction

Memory

Optimization
(t)=Max<J(t+1)+U>

Better prediction in the face of complexity would have many practical benefits, but
the most important motivation, in my view, is what | show on this slide. This slide
depicts one of the research areas which | run at NScalled Cognitive Optimization

and Prediction (COPN).

The real goal of COPN is to understand and reverse engineer the highest level of
intelligence we see in the brairy the ability of the brain to learn to predict and
understand its environment, and it ability to learn to do better and better in all
kinds of complicated new challenges in decision and control. People have talked
about trying to understand thehigher level ofbrain intelligence for centuries and
centuries, but now, thanks to greatidvances in neuroscience, in technology and in
mathematical tools, the goal is finally in sight. We have a roadmap that could
actually get us there within this century, and maybe even with two or three
decadesln my view, this is the most important tangple challenge and opportunity
for all of basic science in this century.

But first | have a cafession to make. The brain | show on this slide is a human
brain, but the opportunity before us now is to understand intelligence at the level of
the mouse. Certainly we can develop levels of intelligence higher than that, in time,
but the basic mammal brain is already enough of a challenge for now.
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field of approximate andadaptive dynamic programming(ADP) has made great
strides, including some diversity of stability proofs for various designs, and some



important real-world applications. But the prediction part has not moved nearly as
well. There are major unmet opportuniies. That is why | am hoping for your help
here.

On the optimization sidez some of you might be interested irthe many theorems
discussed on the web site of Prof. Frank Lewis, who runs the ARRI institute at the
University of Texas at Arlington. (I alsgposted a long paper at arxiv.org in 1998,
with some relevant results.) On the roadmap to the braig seeP.Werbos,

Intelligence in the Brain: A theory of how it works and how to build itNeural
Networks Volume 22, Issue 3April 2009, Pages 20212.

At www.werbos.com/Mind.htm, | have posted a diversity opapers ranging from the
COPN level (aiming at the mouse level of intelligence and engineering applications)
to thoughts about larger issues.
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relevant to reverse engineering the brain. To understand this distinctiog consider

a game of ches. At each move, your decision could be broken down into two parts:

(1) for each possible move, EVALUATE how good the resulting position would be for

you; (2) search through the set of possible moves to find the one which leads to the

best (maximum) evaluaion score. ADP provides new methods for the first part of

the problem, the hard part. But the second part also grows in difficulty and

importance, as we scale up to braktike complexity, and require that our algorithms

take really full advantage of the rassive parallelism of the brain and of new

computer chips. The details go beyond the scope of this paper.

The right-hand slide depicts important areas where this new understanding of
brain-like intelligence could have tangible benefits to humanity. Tharrow to the
earth represents the value of this new technology tohallenges like sustainability of
energy and the environment, issues discussed at very great length on my web page
(e.g.www.werbos.com/energy.htm). The top arrow represents the value of this
technology to hopes for the settlement of space by humans; improved control of
jittery nonlinear systems turns out to be crucial to many new space technologies.
The lower arrow depicts the idea that more a&omplete understanding of mouse
brain intelligence may also help us understand the human mind better, and develop
its full potential more than we do at present.

The equation on the lower left is the chain rule for ordered derivatives, which is
widely used and often cited in this field. Sehttp://www.werbos.com/AD2004.pdf ,
published inMartin Bucker, George Corliss, Paul Hovland, Uwe Naumann & Boyana
Norris (eds)Automatic Differentiation: Applicationg,heory and Implementations
Springer (LNCS), New York, 2005



http://www.sciencedirect.com/science?_ob=PublicationURL&_tockey=%23TOC%234856%232009%23999779996%231108075%23FLA%23&_cdi=4856&_pubType=J&view=c&_auth=y&_acct=C000050221&_version=1&_urlVersion=0&_userid=10&md5=77a0329061f70f6e4da1148925be6c07
http://www.werbos.com/Mind.htm
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http://www.werbos.com/AD2004.pdf

Ability to-learn to “Predict Anything”
Found in the Brain (Nicolelis, Chapin)
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(Richmond): “t+1" —t 15 .12 seconds. Each cycle has a forwards pass to predict,and'a
backwards pass to adapt

(Bliss, Spruston): found “reverse nMDA™ synapse and backpropagation along dendrites

BUT: needs demonstration for more than just rat whiskers! We need “COPN2™!

We all see that the brain takes action to control muscles and glands, but our
knowledge of prediction in the brain has only recently become so concrete.

The right side of this slide depictssome recent experiments by Nicolelis and
Chapin which, in my view, are the most important experiments in this century so far
for the goals of COPN. They not only show that the brain possesses a kind of general
ability to learn to predict; they show exacly where it is.

In one set of experiments, Nicolelis and Chapin began by locating cells in the
thalamus which responds to some simple, controllable stimulj tweaking the
whiskers of a rat. hen they found some important nearby cells which do not
receivethe inputs from the whiskers, but actually predict the input cells ahead of
time. When they told us about this at a workshop organized by Karl Pribram, |
suggested a followon experiment: why not change the pattern of stimulus or lesion
part of the circuth O1T AO O1 AAOOOT U OEA NOAI EOU 1T & PO
the thalamo-cortical system learns to restore its prediction? They did this, and it
worked. They included this briefly in their follow-on paper in Science.

In most research on the cerebratortex, people talk a lot about different
areas which handle different senses. But we also know that the cortex possesses
OTT A EETA T&£ OTEOGAOCOAT 1 AAOTET ¢ Awhien EOU j AAI
allows one area to take over from another. | wald claim that learning to predict is a
major part of that universal learning ability, which leads to the more specific
abilities. But in order to understand that learning ability, we need to understand
how this kind of thing is possible.




This slide is dscussed at greater length if°.Werbos, Intelligence in the Brain: A
theory of how it works and how to build it, Neural Networks Volume 22, Issue 3
April 2009, Pages 200212. (Please forgive the missing tilde and carat which belong
over the upperandlonA O OAOOEI T O T £ 06268 )1 1AO
T ACOT OAEAT AA EEAT Ah EO EAO AAATIT A ATl
models without any kind of clock signals but empirical neuroscience has shown
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of the brain as they are to technology. To replicatthis kind of prediction with
neurons in a dish] would guess that we would need to include four kinds of neuron
in that dish z the input thalamic cels, the predictor thalamic cells, giant pyramid
cells from the cortex, and timing cells from the nonspecific thalamus. Of course,
more cells would be needed to get the most powerful and accurate prediction, but
this would hopefully be an important start.

What the Brain Teaches Us About Prediction

One universal system can learn to “predict everything.”
No need for 125 different methods in 32.chapters. But “who
pays for lunch™? How can it be possible?

Can take full advantage of massive parallel hardware like
CNN chips.

All predictions — including pattern recognition and
memory — are in service to action. What is true versus
what is useful? It is always about “prediction of the future.™
Incredible complexity — learns nonlinear dynamic relations
among millions of variables, based on only 10 data frarmes
per second (300 million per year).

This slide brings us back to the core challenge we need to address here,
in mathematics and in technology. How can we design a universal system
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computer hardware,and z above all z handle the huge volume of inputs that the
mammal brain can handle?

Of course, it may actually a parameterized family of universal systems, amye of
which could learn what the others could learn, if given time to catch up.
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Definition of (Offline) Vector
Prediction Task

Assume a time-series database of a vector XER?
and the existence of another time-series vector
rER™ , obeying the dynamics

x(t) = h(r(t),e, (1))

r(t)=f(r(t-1),e,(t))

where e, and e, are random vectors. Try to
estimate h and f or Pr(h,f) as accurately as
possible, so as to be able to predict future valyes
of x or Pr(x) or known functions U(x) as
accurately as possible.

There are several ways to translate the larger challenge in the last slide into
something more precise and mathematical. This is one of them. The taygnamical
equations here would be very familiar to people in many fields. The most important
challenge, to begin with, is to find a way to estimate the most likely values of the
unknown functions f and h, based only on a timeeries database of past valuesf x.

This is not yet a complete problem statement, for two reasons: (1) We cannot
know what Pr(h,f|database) is, in principle, without a specification of prior
probabilities, as | will discuss; (2) for practical purposes, to understand the brain, it
turns out to be important to consider the more general case where x(t) may actually
be field x(t,i) or x(t,z), where i is a node in a graph or lattice and where f and h are
constrained to obey some symmetry requirements.

The challenge of brairlike vector prediction is to perform this task well in
cases where n may be a million or so and m may be many billions
(really much more), but this system only has millions of observations in its
database. This is not the ultimate challenge of brailike prediction, asl will discuss,
AOO EO Al OAAAU ci A0 xAl1l AAUTTA xEAO O1F AAUBC

The full challenge of brainlike prediction requires learning in situations where the
observations appear and dsappear one at a time; howeverthe offline version of the
challenge is difficult enough, especially whenomputational effort is constrained |

do not ask for an exact calculation of the most likely f and h, but | would ask for
some degree of approximatiorto the optimum with some kind of bounded loss, at
least in comparison with all existing methodsWhen we assume the most general
and powerful priors, the grid and graph prediction challenges are actually subsets in



a way of the vector prediction task, bux EOE OEI bl AOh OAEOAAOS PDPOEI
is simpler.

Question to Census Statistical Advisory
Council (1978): What Principles Most
Important in Building Or-Understanding
Such a Prediction System?

LR
All said: They do not exist. It is impossible.
| would never use such a machine
even if | had it for free in my own lab.

| have been worried about this complexity issue for a long time. In 1978, | had a
unique opportunity to speak with people in the statistical advisory council of the
CensusBureau, which works hard to assemble all the top statisticians of the nation.
Of course, | will not name names, and | did not get to speak to all of the people in the
room, but | can say that one of the people | spoke to is perhaps the founder of
OET A&IOEIN T CAI i AOOUBOG
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that someone has onstructed a device which inputs a timeseries of millions of
variables, sampled at a rate of about ten times per second, and learns to makajor
inferences about the nonlinear relations and dynamics of these variables after x
million observations have been accumulated. My question swhat kinds of
principles would make it posisble to build something like that, and what should |
readtogetA AAOOAO EAAA T &£ xEAO EO OANOEOAOed ) x
one of them said there was nothing to read , because such a device is intrinsically
impossible. | assured them there are many working models in operation, and that |
had seen proof mys# that the device can actually work, but they refused to believe
me.
Of course, this is not a commentary on these statisticians. It is a commentary
on the limitations of conventional assumptions used in the foundation of statistics.



Why It Was Seen As Impossible:
4 Schools of Thought in Statistics

Probabilism (*“We don’t do inference."We just prove stuff.”)
Maximum Likelihood (Simplified from Jeffreys.and Carnap)
Pr (f, h| Data) = Pr (Data | f, h)
Bayesian (e.g. Raiffa)
Most popular: Pr (f, h | Data)
= Pr (Data | f, h)*Pr(f. h)/Pr(Data)

Sometimes minimize utility-based loss function

Robust statistics (Tukey, Mosteller): try to get useful résults
without assuming model must be true for some value of
weights W. (Also used by Raiffa, Werbos, and Vapnik.)

This slide conveys my impressions of why there was such a problem in those days
and even now!

There were four main schools of thought in statistics. The vast majority of
statisticians belonged to one of the two schools above the liggorobabilists or
maximum likelihood people. Probabilists simply did not work on these kinds of
problems of inference. Maximum likelihood statisticians mainly tried to estimate
those functions f and h which would maximizehe likelihood function ,
Pr(database|f,h)as shown here. That is simply not a powerful enough foundation for
the kind of ciomplexity that brains candeal with.

In my view, thekey to prediction under complexity is to exploit the
fundamental power of Bayesian induction and of robust statistics. The rest of this
talk will discuss why and how.
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which do not even address the vector prediction challenge. Here | am not endorsing
those things, or proposing any new speculation. | am simply saying that we need to
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approach to learning, as complete as maximum likelihood analysis but more
powerful. We cannot ignore the embarrassing term Pr(f, h), the prior probabilities
term z the term which represents the probability that f and h are the true functions
which drive the system we are observing, prior to our having any database
available. Wealso need to unify this new approach with robust statistics, which |
will try to get to.
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to use a linear model, because we can prove more theorems more easily for the S
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simplest possble model which worksz but no simpler than that.

Just to be complete, | should also note that | was well aware back then of a variety of
OAT 1 OEOOAT O AOOEI AOI 066 AARAOAOEAAA ET EEAI AO
Johngon. It was such a joyin undergraduate days= 1 O E A to pragpessdram

there to maximum likelhood methods, which make it very straightforward to

calculate the exact and optimal most likely f and,gvith maximum possible

efficiency both in computational cost and in takingadvantage of limited data! More
precisely, we could take any parameteried family of stochastic models ,w),

estimate the best values of the parameters or weights w, and compare the results
with the best we could get from any other parameterized familyf functions

g*(x,w). The same rigorous methods could be used for essentially afunction,
including functions g(x,w) representing mathematical models of neural networks. |
continued to use such practical maximum likelihood methods in serious tasks in
econometric modeling throughout the 1980sz but used my understanding of more
advanced concepts to navigate around their limitations. Faxample, sed?.Werbos,
Econometric Techniques: Theory Versus Rctice, Energy: The International

Journal 15 (3/4), 1990, p.213-236.



http://www.werbos.com/EIAeconometrics.pdf

Uninformative Priors: The Big Picture

Philosophers studying human-learning have known for centuries that
we cannot explain human learning.w ithout “uninformative priors’
Reverend Occam: assume higher Pr(f.h) for “simpler models™ fand h
Emmanuel Kant: the “aprion synthetic”
Solomonoff/Werbos (60°s): 1f f and h are instructions to a Turing
machine, assume Pr(f.h)=a exp(-kC), where C, the.complexity, is the
number of symbols needed to express the Turing machine. This is
universal to all Turing machines, to within some finiteé “léatning time”
to adapt from one Turing machine to another. In a way, this i§ the

perfect best po:slblg general foundation for a universal lcarning
machine, but..

How can we applo.\'imatc its implications for f and h implemented, tor
example, as networks of neurons?
“reward"” (higher Pr assumed) for networks of greater direct simplicity
also “reward” the greater simplicity implied by symmetry (reflecting hoyg
Turing machines can reuse subroutines)
How do we handle x and y being continuous? And our inability @
integrate over all posxlbk ‘models? -- direct priors, nonlinear version
of “empirical Bayes™ (Efron)? Is brain limited to 3+1-D (Kant)?

This slide gives my view of what it takes to handle braitike complexity, in vector
prediction. | will give more detail later, but for now | would like to go through all of
this carefully, to keep the picture together.

To begin with, philosophers have known for centuries that it is not possible
to explain brain-like learning if we assume that all wellposed modelsare equally
likely apriori. This is why the famous Reverendccam invented his famous Razor
centuries ago. Whenever two models fit the data of experience equally well, we
attribute higher probability to the simpler model. Pr(f,h), the prior probability,
must be greater for the simpler model, to fit or explain whatve see in human
learning.
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probability distribution Pr(f,h) could prevent learning, by virtually dictating what
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minded in some fundamental way.
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how to do this. The academic credit should go to Solomonoff, since | was not ready
to delay dissemination of the idea just in order to get credit. Please forgithat |
even mention the history.
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The key idea was that a theory (f,g) could be represented as a set of
instructions to a Turing machine. In that case, we can measure its complexity as C,
the number of symbols, and set prior probabilities according to Prc*exp(-kC), for
some ¢ and k. Any learning system based on one Turing machine could then catch up
O A 1T AAOTET C OUOOATI AAOGAA 11 AT U 1T OEAO 400E
the code which interprets one Turing machine to another is of finite lerp,
providing a finite complexity penalty. (More precisely, Pr(f,h) in one machine is
bounded above k* times Pr(f,h) according to another, where kil # 8 h EA #6 EO OE
length of the interpreter code.) Furthermore, it could catch up in finite time for any
learning machine based on instructions in any finite state machine, because of the
properties of universal Turing machines.

In some sense, the use of the Solomonoff/Werbos prior ike answer to
problem of vector prediction in the face of complexity. Wing with finite
computer hardware, we cannot possibly do better (again, if we allow finite catching
up time). There is actually a family of universal learning machines applied here, for
each choice of universal Turing machine and each choice of ¢ andTihere are ways
to do even better with k, but not so important to the main story here.)

But we face two practical problems of great importance to science:

(1) Less importantz could it be that the human brain is far less universal than

this? For example, site mammal brains all evolved in a 3+timensional

universe, could our brains be specialized to that particular case?;

(2) More important z how do weapproximate this kind of universal learning,

when we are restricted to using massively parallel computing hardare like

neural networks, and we want to be practical about how we handle

continuous as well as discrete variables?

The real challenge of braidike vector prediction is mainly a matter of addressing
the second question here, and also accounting for robusss.

Until 1990, I|thought | had a reasonably good way to address this question.
(See the discussion of the first and second generation model of the brain, in my April
2009 paper cited above.) If our prediction models (f and g) must physically takéé
form of neural circuits, biological or artificial, why not consider the general class of
such networks, with fast recurrent loops and also loops controlled by some kind of
hard-wired clock? Why not measure complexity as some kind of function of the
connection strengths, number of weights, and other obvious parameters of the
network? Why not assume alirect complexity prior , Pr(f,g)=c*exp(-kC),
basedon such a direct measure of complexity C? When we insert this into our
original estimation problem, we end up minimizing the usual log likelihood measure
of maximum likelihood statistics, plus a penalty function. This still requires research
to find the right penalty functions, AT A OT I A AAEOOOI AT O &I O OOUIT A
discuss)AOO OEAOGO AAOEAAIT U Aii8 ) EIDPAA OEAO A
learning which we observe in the brain could be explained as the emergent result of
this kind of learning.

So now: | hereby define thalirect vector prediction problem as the challenge
of estimating f and g, as shown in the previous slide, in the case where f and g are
sampled on the basis of this kind of direct complexity prior, or somethg equally



direct. (For example, if C would be a Sobolev norm of the functions f and g.) This by
itself is already an interesting and important problem, calling out for more research!
Towards the end of this slide, | refer to a much older example direct vector
predicion7OEA OAI PEOEAAI " AUAOGo 1 AOGET A 1 &
of ridge regression. This is an important precedent, which | discuss furthdxrelow.
HOWEVER by about 1990, | began to realize that this kind of direct veor
prediction approach would still not be powerful enough for brairlike capability.
The Turing machine has a kind of ability to define and rase symbols, which makes
it substantially more powerful in handling spatial complexitythan direct vector
prediction. After studying this and other related issues, | came up with a new theory
of what is going on here, which leads to the roadmap for prediction in the next slide:
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This is the prediction side of the roadmap to the mammal brain discussed in my
April 2009 paper.

At the present time, the two really essential (parallel) directions for research
are in direct vector prediction under complexity (symbolized by the flow chart on
the left) and in better handling of spatial complexity (symbolized by the grid).To
achieve brainlike capability in handling spatial complexity, we must build learning
systems which discover the symmetries and invariances in the world by themselves,

%.



and embed them into other architectures; for now, however, there is a lot of

practical and intellectual benefit in starting from cases where we know the
symmetries and the graphs already. | have funded some work aimed at helping us to
make the further step to dinosaur and mouse levels of prediction, but the greater
need today is for a fimer foundation in the first two steps. | will now discuss those
two steps.

The Department of Defense and IBM have recently made claims about having

Al OAAAU AOGEI O A AT i pOOAO OAO OEA 11 OGOA 1 AOAI
in building computer hardware with the required level of complexity, and the ability

to simulate classical models from computational neuroscience. However, in my

view, these will not be able to replicate the capabilities | am discussing here, until

we develop the required new mahematics, and put that into the hardware.
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Step-ladder of direct vector
prediction challenges: static x-to-y

Just assume y=f(x,e), for a database of x and vy,
where e is random and y is exogenous, where fis
one sample from Pr(f)=c exp(-kC), and.C is a
Sobolev measure or the max of the length of the

gradient of f, or such. Can we combine both
theorems and simulations to move towards a

universal learning system — a system which
approaches the best possible performance in this
case? And outperforms the many ad hoc methods
now being used in “data mining” for this
purpose?

Since we are very far as yet from fully solving or approximating the general
challenge of (offline) direct vector prediction, it will be useful to think of a graded
staircase of easier related problems leading up to that level.

At the start of that staircase is the problem of static prediction, sometimes
called supervised learning. There is a huge but relatively ad hoc literature onath
problem. Some researchers just compare performance of selected reabrid
databases, which can provide excitement (and sometimes extra funding), but make
it very hard to conclude anything definite. In my view, the overemphasis on ad hoc
arguments and &lected tests on data mining problems has been a major factor in
delaying real progress toward brainrlike capability in this area.

Prediction competitions and tests are still a very useful stream of research,
but why not add competitions and tests focusedn well-defined mathematical



systems, based on weltlefined complexity priors? This would allow mutual support
between theoretical mathematical analysis of the problem and empirical results, in
parallel. Of course, it requires great care in the choice pfiors, but that is part of the
research. | will make some suggestions later.

Model-Based Versus Precedent-Based:
Which Is Better?

=N

t=1
X, XY

n

Model-based: Pick W to fit Y=g(x,W) across examples - Given a
new X(T), predict Y(T) as g(x(T),W). Exploit Barron's Theorem that
smooth (low C) functions f are well approximated by simplé MEP
neural nets - though not by Taylor series.

Precedent-Based: Find t whose x(t) is closest to x(T). Predict Y{T)as
Y (t). Kernel 1s similar, weighted sum of near values.

Best is optimal hybrid. needed by brain. “Syncretism™ — chapter3 of
HIC.... Next 2 slides
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learning in the face of brainlike complexity is still very far from being solved as yet.
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maximum likelihood thinking modified only by use of a penalty function. In order to
explore the space of possibléunctions f, using real computer representations, we
should use a family of universal nonlinear function approximators. If our priors are
set to give us smooth functiong, then it should be good enough to use the
Multilayer Perceptron (MLP) as our approximator. Otourse, there are many other
universal approximators possible, but Andrew Barron of Yale has proven that the
required complexity of an MLP grows only in a polynomial way with the number of
components in x (for a given degree of smoothness and required agpimation
accuracy), while linear basis function approximators such as Taylor series and
Gaussian networks grow exponentially. In the slide above, modeased methods
can be viewed as methods which move along the rows, from left to right, in
predicting Y.
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that some kind of hybrid of modetbased methods with memorybased methods



might be best, in the nonlinear case as well as the linear case. More precisely, ridge

regression is dten formulated as a kind of weighted sum of the usual nonlinear

regression modetbased system, with a covariance based system basically the same

as some of the designs for associative memory used in neural networks. In the

extreme, many practical foreca®rs used precedentbased forecasting, as described

on the slide. There are many very complex kerndlased methodsy more complex
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they use complex mathematics to definevh at they do, but notwhy they do it, in the

fundamental terms | am looking for here.

My claim is that neither the pure modelbased methods nor the pure kernel
methods are anywhere near optimal. Neither can come even close to the capabilities
of the brainin simple static smooth supervised learning, let alone anything more
complex. | see an analogy between the competition between these two methods to
the competition between extreme Republican and Democratic ideologists in the US

Congress real progress willrequire help from deeper thinkers who can get beyond
it.
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Before going further, | should note that everything | say here about direct vector
prediction (including citations to Efron and others)is foreshadowed in chapters 3,
10 and 13 of the Handboolon Intelligent Control (HIC). Those chapters are all
posted athttp://www.werbos.com/Mind.htm#mouse .



http://www.werbos.com/Mind.htm#mouse

This slide illustrates my proposal for a hybrid between memonbased and model
based prediction, first published in my paper inGeneral Systems Yearbook 1977
It is also discussed in chapter 3 of HIC.
The basic idea is quite simple, and | am embarrassed that nothing better at a
fundamental level for generalpurpose learning systems has shown upm this time.
Here | am using f* or {tilde to represent the global neural network approximator,
and K to represent a kind of kernel function. (I have also made some obvious and
crude suggestions for how to train K.) This design is really aimed at the prigm of
real-time learning, as observations come in one by one, but it also can be applied in
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theory of human learning, as | will show on the next slide.
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kernel-based methods for the smooth static supervised learning problem.
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penalty worse. For practicd applications, it is interesting to consider what flavors of
memory system would work best as part of such a design. There are many choices.




